The following major aspects of the problem of Input-Output Triangular Decoupling (TD) for general neutral multi-delay systems, via proportional realizable state feedback, are resolved for the first time: The necessary and sufficient conditions for the problem to have a realizable solution and the general analytical expressions of the proportional realizable TD controller matrices. The conditions and the solution of the controller matrices are computed using a finite step pure algebraic approach.
INTRODUCTION

Time delay systems
Time delay systems are of great importance particularly in describing complex and/or distributed processes, where transition phenomena (mass/energy transfer) take place, as well as distributed manufacturing systems (Gu et al.,2003) . Here we study the general class of linear neutral multi-delay differential systems The real matrices j E , j A , j B have n rows while the real matrices j C , j C have m rows. Without loss of generality, the delays 1 , , q τ τ ∈ … are considered to be rationally independent , namely linearly independent among themselves over the field of rational numbers, i.e. there are no rational numbers (dependence coefficients) expressing one delay as a linear combination of the others. If the delays were not rationally independent, namely one delay was linearly dependent to the others then, after dividing each independent delay by the denominator of the respective dependence coefficient (rational number), a new set of independent delays would occur. So, the dependent delay could be substituted by a combination (via integer coefficients) of the new independent delays, thus yielding an equivalent description of system (1) involving at the most 1 q − delays. If there were more than one dependent delays then a number of dependence relations would occur. In this case each independent delay should be divided by the least common multiplier of the denominators of the dependence coefficients (rational numbers) multiplying the particular independent delay in the dependence relations. This way a new set of independent delays is derived. For the special case of rationally dependent delays where all delays are multiple of one, with dependence coefficients being integers, the delays are called commensurate (Jacubow and Bayoumi, 1977) . Note that for the special case where
1 q = and ,1 1 j q j = − the case of retarded delay systems is derived (Jacubow and Bayoumi, (1977) , Rekasius and Milzarek, (1977) , Kono, (1983 ), Liu, (1989 , Sename and Lafay, (1993) , Sename et al. (1995) , Sename and Lafay, (1997) (Picard et al., 1998) . The case of regular systems without delays is also covered by the description in (1) with
In the frequency domain the forced behavior of the system (1) is governed by the following algebraic system of equations where,
denoting the Laplace transform of the argument signal, while
and where (Picard et al., 1998) 
Hence, the algebraic system of equations (2) may equivalently be written as ( ) e -sT e denotes the set of these multivariable rational functions
Proportional feedback time delay controller
Several types of controllers involving time delays have been proposed in the literature. Here we focus on frequency domain controllers. One general class of controllers is that of a static feedback where the elements of the feedback matrices belong to the field of rational functions of the delay operator, which may or may not require prediction (Jacubow and Bayoumi, (1977) , Rekasius and Milzarek, (1977) ). The controller is static in the sense that it does not incorporate derivatives of the variables to be measured or of the external command. Another class is that of static feedback with elements over the ring of polynomials of the delay operator which of course does not require any prediction (Kono, (1983 ), Liu, (1989 , Sename and Lafay, (1993) , , ). A third class of feedback laws is a static feedback with elements over the field of rational functions of the delay operator restricted not to be predictive , Jacubow and Bayoumi, (1977) , Sename et al., (1995) , Sename and Lafay, (1997) , ). Also dynamic feedback laws have been proposed in the literature (Kono, (1983 ), Liu, (1989 , Picard et al., (1998) , ). The elements of the feedback matrices are proper rational functions of the complex variable with coefficients being rational functions (Picard et al., 1998) or polynomials (Kono, (1983 ), Liu, (1989 , ) of the delay operator. In the case of coefficients being rational functions of the delay operator the realizability of the controller is guaranteed through the properness with regard to the delay operator. It is important to mention that the aforementioned classes of time delay feedback laws have been used to control retarded systems (Jacubow and Bayoumi, (1977) , Rekasius and Milzarek, (1977) , Kono, (1983 ), Liu, (1989 , Sename and Lafay, (1993) , Sename et al., (1995) , Sename and Lafay, (1997) , , ), while others have been used to control neutral systems (Jacubow and Bayoumi, (1977) , Picard et al., (1998) ).
Here we consider the most general class of proportional controllers, not involving continuous time dynamics, but involving delays (i.e. "discrete time dynamics" of the delays 
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Problem Formulation
Here, the design goal is that of I/O Triangular Decoupling (TD), namely to derive a closed loop system with triangular and invertible transfer function matrix. The TD problem is formally stated as follows 
The elements of the triangular matrix in (5) 
TD is a very attractive design problem (Wang, (1972) , Descusse and Lizarzaburu, (1979) , Koumboulis et al., (1991) , Koumboulis, (1996) ). It appears to have some of the advantages of diagonal decoupling. One of these is that each output is still controlled by only one external input. Furthermore, TD has the distinct advantage of being applicable to a wider class of systems as compared to that of diagonal decoupling. For time delay systems TD has not as yet been studied. For the special case of commensurate retarded delay systems the diagonal decoupling problem has been studied (indicatively see the results in (Rekasius and Milzarek, 1977) , (Sename and Lafay, 1997) ). For diagonal decoupling of standard neutral commensurate delay systems of standard form, some first results have been presented in (Jacubow and Bayoumi, 1977) . In and ) the diagonal decoupling problem has been studied for normal systems with system and controller matrices having their elements in a Noetherian ring. In ) the combined problem of diagonal decoupling with disturbance rejection has been studied for general neutral multi-delay differential systems. 
-sT e finite), having the property 
SOLUTION OF THE TD PROBLEM VIA CONTROLLERS POSSIBLY INVOLVING PREDICTORS
From the definition of the problem, namely from the design equation (5), it can readily be concluded that the system (3) must be invertible i.e. the following necessary condition must be satisfied
e e e . Then, following the methodology presented in (Koumboulis, 1996) for systems without delays and based on the necessary
e e e , leading to the condition
e e e , the following definitions can be introduced Clearly it holds that will be presented inductively, following the respective definitions in (Koumboulis, 1996) . If Based on the above definitions and similarly to (Koumboulis, 1996) the following properties can readily be proven Using (7a), the equation (5) 
, , t r i a n g ,
Making use of the definitions following (8) the design equation (8) The quantity in the left-hand side of (10) Making use of this last remark the following equations governing the general form of the controller matrices proposed in (Koumboulis, 1996) are derived 
The solution of the controller matrices proposed in (Koumboulis, 1996) does not facilitate the derivation of the conditions under which there exist realizable controllers solving the problem. To circumvent this difficulty, an alternative general solution possibly involving predictors is proposed.
To derive the new general solution of ( ) ). Furthermore, it can readily be observed that is the product of birealizable matrices. Using all above definitions the following theorem will be established. Theorem 3.1: The TD problem is solvable if the condition
e e e is satisfied, and the general analytic expressions of the proportional controller matrices possibly involving predictions are: 
Substituting this last relation into (9b), the relation (13b) is derived to be the general solution for ( ) 
e e e , and
(ii) 
e e e has the block triangular form of
Thus, condition (ii) is proven to be necessary and sufficient for the existence of a realizable ( )
General form of the realizable controller matrices
In this subsection and under the assumption that the system satisfies the conditions of Theorem 4.1, the set of all realizable controller matrices ( ) 
CONCLUSIONS
The following aspects of the TD problem for general neutral multi-delay systems, via proportional realizable state feedback, have been established for the first time: The necessary and sufficient conditions for the problem to have a solution and the general analytical expressions of the realizable TD controller matrices. The derived results are simple and elegant thus facilitating their extension to other familiar design problems in the field. This way, for the solution of the TD problem for general neutral multi-delay systems, the presence of delays does not significantly increase the order of multiplicity of the solution.
